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This paper presents fixed-order dynamic compensator designs for the coupled mass benchmark problem.
The design technique uses a method for loop transfer recovery at the plant input to approximately recover the
transfer properties of an //.,. controller with full state feedback. The recovery is accomplished by the unique
selection of quadratic performance index weighting matrices in a standard optimal output feedback formulation
for fixed-order compensation. For the benchmark control problem, two compensator designs are developed.
These designs use an observer canonical form to represent the compensator dynamics. The first design addresses
problem 1, where only the spring stiffness is uncertain. The second design, a solution to problem 3, provides
asymptotic rejection of a sinusoidal disturbance in the presence of an uncertain spring stiffness.

Introduction

T HE coupled mass benchmark problem1 has been ad-
dressed using a variety of controller design techniques.

Both classical and modern approaches have been applied to
this problem, which involves two masses that are intercon-
nected by a single spring, as shown in Fig. 1. It is simple to
formulate, but contains many characteristics that from a con-
trol viewpoint are typical of large flexible structures with non-
collocated sensors and actuators. The design objectives in-
clude disturbance rejection and robust stability and performance
in the presence of plant parameter variations.

In Refs. 2-4, a technique is developed to design H.,_ con-
trollers that have reduced parameter sensitivity. This ap-
proach uses internal feedback loop (IFL) modeling to rep-
resent the uncertain system. The advantage of this technique
is that it is easily incorporated into a state-space formulation.
In Refs. 2 and 3, several Hy_ output feedback controllers are
designed for the coupled mass benchmark problem. In Ref.
4, this technique is used to design two reduced sensitivity //.,.
full state feedback controllers for the Space Station.

One disadvantage of //.,. output feedback design techniques
is that the order of the resulting controller may be extremely
large, once the frequency weighting filters are introduced at
the plant input and output. In Ref. 5, a method for loop
transfer recovery (LTR) at the plant input is developed for
designing fixed-order dynamic compensators that approxi-
mately recover the loop properties of an H, controller with
full state feedback. This design technique requires two steps.
First, a full state feedback H^_ controller is designed to satisfy
the design objectives. Second, by a unique selection of the
quadratic performance index weighting matrices, a fixed-or-
der dynamic compensator is designed to approximately re-
cover the properties of the full state controller. By using an
observer canonical form6 to parameterize the compensator,
the design can be reformulated as a constant gain output
feedback problem.

In this paper, the reduced parameter sensitivity Hf design
technique is combined with the approximate LTR compen-
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sator design methodology to provide robust fixed-order dy-
namic compensators that have reduced sensitivity to uncertain
parameters. Specifically, the reduced parameter sensitivity
formulation is used to design the full state //, controller. The
dynamic compensator is then designed to approximately re-
cover the performance and robustness of the full state con-
troller. This technique is illustrated by three compensator
designs for the coupled mass benchmark problem.

This paper is organized as follows. First, the reduced pa-
rameter sensitivity full state Hx design technique is presented.
This section contains a review of both the IFL modeling and
the full state Hx controller design. Next, the observer can-
onical form and approximate LTR compensator design meth-
odology is given. Finally, the paper concludes with three de-
sign examples for the coupled mass benchmark problem. The
first design addresses problem 1, where only the spring stiff-
ness is uncertain. This design is compared with the results
presented in Ref. 2. The second design, a solution to problem
3, provides asymptotic rejection of a sinusoidal disturbance
in the presence of an uncertain spring stiffness.

Reduced Parameter Sensitivity //.,_ Full State
Controller

The IFL modeling technique, originally developed in Ref.
7, is a method that transforms an uncertain system into a
convenient input/output decomposition. This decomposition
produces fictitious inputs and outputs that are related by an
internal feedback loop gain matrix. When the fictitious inputs
and outputs are combined with the nominal system, a two-
input/two-output (TITO) system results, which can then be
incorporated into a standard H, design methodology. In this
section, the IFL approach to //.,_ design2 4 is outlined for the
case of full state feedback.
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1118
Fig. 1 Coupled mass benchmark problem.
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Internal Feedback Loop Modeling
Consider the linear system

A Bl B2
C, 0 D12

(1)
where w is a disturbance input, u the control input, and z the
controlled output vector. The matrices^, B^ and B2 are sub-
ject to parameter variations, whereas Cl and D12 are not. The
system in Eq. (1) can be decomposed as

A B, B2
C, 0 D, (2)

where A, Bl, and ,82 represent the nominal plant parameter
matrices, and Ap is the perturbation matrix given by

0 0 0 (3)

Assuming that A^4, A^, and A#2 are affine functions of s
independent parameters, p l5 . . . , /?5, then the perturbation
matrix can be expressed by the following nonunique decom-
position:

where

A = -

E =

E[NX Nw Nu] = -MEN (4)

(5)

Note that M and TV can always be scaled such that |Ap,| < 1.
Using the IFL approach, a fictitious output is defined as

zf = [Nx 0 Nw Nu] (6)

where wf is a fictitious input, and E is the fictitious internal
feedback loop gain. Combining Eqs. (4) and (6) with the
nominal system, the TITO system is then given by

Mx B,
= I Nr 0 N»

0 0 D,,

By defining the following variables

z =

S1 = [Mx £,],

0
0 0 J'

then Eq. (7) can be rewritten as

(7)

(8)

(9)

(10)

(H)

(12)

which has a similar structure as Eq. (1). Using Eq. (12), an //x
full state feedback controller can be computed that has a guar-
anteed stability boundary and a robust performance property.

Full State H^ Controller
A state-space solution for the full state H^ feedback con-

trol problem is given in Ref. 8. The main result can be sum-
marized as follows. Given a system of the form_in Eq. (12),
assume that 1) 04, #0 is stabilizable and_(C!,^4) is de-
tectable; 2) (A, B2) is stabilizable; 3) Df2[Ci D12] = [0 /]; and
4) 2)n = o. Then it can be shown that there exists an internally
stabilizing controller such that the closed-loop transfer function
from disturbance inputs to controlled outputs T^ satisfies

(13)

if and only if H G domain{Ric} and X = Ric{//} > 0, where

H =
-AT

One such full state controller is given by

u = -Kxx, K^ = BIX

(14)

(15)

Note that assumption 4 imposes the restriction that A^, =
0, which implies that there is no uncertainty in B{. However,
in general, real parameter uncertainty in B} may affect per-
formance but not stability. Therefore, it follows that the sys-
tem in Eq. (1) with u = —K^x is stable for all |A/?,| < IIy
and that for ^Bl = 0, ||z||2 < y for all w(f) such that ||w||2 < 1.

Approximate Recovery of Hx Loop Shapes
In Ref. 5, an approximate LTR method is presented for

recovery of closed-loop transfer function properties from dis-
turbance inputs to controlled outputs. This formulation is
based on a performance index that penalizes the difference
between two closed-loop return signals, corresponding to Vi
and v2 shown in Fig. 2. These signals are produced by uni-
formly distributed impulses injected at both w and wd for zero
initial conditions. The details of this procedure are reviewed
in the following.

The state-space realization of the transfer function G22(s)
from u to y is given by

x = Ax +

y = C2x + D22u

(16)

(17)

A compensator in observer canonical form6 for the system
in Eqs. (16) and (17) can be described as

= Pobuot>" - Ny,

u = -/

z,,b e
«„„ e

(18)
(19)
(20)

Wr"
G GU11 12

— |K°»(s)H

z

X

* —

:JcU^ic2r if

>^
V2

Fig. 2 Formulation to approximately recover T,w.
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where Poh and N are free parameter matrices of compatible
dimensions. The matrices P°oh and H° are predetermined by
the choice of observability indices v,-, and their structure is
given in the following:

P(;)b = Block diag[Py, . . . ,

po =

0 0
1 0
0 1

0 0

0 0

0 0
0 0
0 0

0 0

1 0

(21)

(22)

H" = Block diag{[0, . . . , 0 !],_,,„ / = 1, . . . , m2} (23)

The observability indices to be chosen are subject to the fol-
lowing constraints:

(24)

(25)

(26)

Po* = P°t>h - P,*H" (27)
This compensator form permits a compact formulation for

the following constant gain output feedback problem. The
system in Eqs. (16) and (17) is augmented with the observer
canonical compensator, Eqs. (18-20), which results in

The compensator transfer function is given by

Koh(s) = H°(sl - Poh)~lN
where

x = Ax + Buoh,

y = Cjc,

where xr = {x7

A =

C =

[yr, —UT} and

A - B,H<

2 o l
I H"[ G = [N P,,]

(28)

(29)

(30)

(31)

(32)

Note that the free parameter matrices used in designing the
compensator are compactly placed in the equivalent constant
gain feedback matrix G. The error signal to be penalized is
given by

{ Y - f-r<>7 (^\
V X A I 1 **oh \ ^)

where the full state gain Kv_ is a full state //.,_ controller de-
signed to meet robust stability and performance specifica-
tions.

The approximate LTR performance index is

J = EY (34)

Substituting of Eq. (33) into Eq. (34), and rewriting the per-
formance index as

J = [xTQx + ulbRu,,,} d/ (35)

yields the following plant and compensator state weighting
matrices:

Q = -KIH< (36)

By injecting uniformly distributed impulses at both the con-
trol and disturbance inputs, the following initial condition
variance is produced:

I o B = [Bl B2]W (37)

where W is used to individually weight the impulse strengths
produced by B. It is required that B span the column space
of [ B , B2].

Equations (28-30) and (35) constitute a constant gain out-
put feedback problem whose necessary conditions for opti-
mality are well known.9 As the parameter p -» 0, then T~
of the compensator approximates T~, of the full state H.,
controller to varying degrees depending on the order of the
compensator.

Coupled Mass Benchmark Problem Controller Design
This design problem involves two masses that are inter-

connected by a single spring; see Fig. 1. The system dynamics
are given by

~ 0
0

-klm,
. klm2

0
0

klml
-klm2

1 01
0 1
0 0
0 0_

r 4-A i ^

' 0 "
0

1/w,
0

0
0

1/m,

0
0
0

1/m,

y = [0 1 0 0]jc

(38)

(39)

where x = {x{, x2, x^ x2}T and the nominal parameter values
for raM m2, and k are m, = m2 = k = 1.0. The natural
frequency is at co,, = 1.4 rad/s. Observe that the control input
acts on mass 1, whereas only the displacement of mass 2 is
sensed. In addition, note that for modeling purposes the dis-
turbance input matrix depends only on_the nominal values of
m, and m2. This restriction ensures that Dn = 0 in the reduced
parameter sensitivity Hy, design formulation.

Problem 1
For this design, the nominal performance specification calls

for a 90% settling time of 15 s on the mass 2 displacement,
when a unit impulse is injected at vv2. There is also a robust
stability specification that the closed-loop system remain sta-
ble for the range of spring stiffness, 0.5 < k < 2.0. Beyond
this, the controller complexity, the control effort, perform-
ance robustness, bandwidth, and response to measurement
noise should all be reasonable.

Problem 2
Same as problem 1, except that the stability and perform-

ance should be maintained in the presence of three uncertain
parameters: A:, m, , and m2. This problem is not addressed in
this paper.

Problem 3
Same as problem 1, except that for this problem w2 is a

sinusoidal disturbance of frequency 0.5 rad/s, with unknown
but constant amplitude and phase. The objective of this design
is to obtain asymptotic rejection of this disturbance in the
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mass 2 displacement, with a settling time of 20 s. The con-
troller must remain stable for ml = m^ = 1.0 and 0.5 < k <
2.0.

For each design problem, the H^ full state controller design
closely parallels the Hy. output feedback designs in Ref. 2.

Problem 1 Results
Forjhe design with an uncertain spring stiffness of the form

k = k + A/c, the perturbation matrix Ap is given by

= [*A 0 0]
| _ 0 0 Oj

where

0
0

-A*

0 0 0
0 0 0

A£ 0 0
-A* 0 0

(40a)

(40b)

which can be decomposed as in Eq. (4) by selecting

Mx = [ 0 0 1 -l]r, Nx = [ 1 - 1 0 0 ]

#1V = Nu = 0 (41)

Selecting the performance variable as z = {x2, u}T, then

0 0 0 "
0 0 0
1 1 0

-1 0 1

c, =
1 - 1 0 0
0 1 0 0
0 0 0 0

(42)

In this example, the disturbances wf, w}, and w2 are mul-
tiplied by weighting factors of 0.1, 0.025 and 0.025, respec-
tively. These weighting factors represent the relative disturb-

• Full State Design
• Dynamic Compensator, p = 1.0
• Dynamic Compensator, p = 1.0E-6

10°
Frequency (rad/sec)

Fig. 3 Approximate recovery of T~ for problem 1.

Spring stiffness, k = 0.5
Spring stiff ness, k = 1.0
Spring stiffness, k = 2.0

0 0.2

Fig. 4 Root locus vs spring stiffness for problem

10 20
Time (sec)

Fig. 5 System response for unit impulse at \v2.

Dynamic Compensator, p = 1.0E-6
. 2.820(s + 0.157)(s-1.150)

(s + 1.451)(s2+1.790s+ 3.497)

10°
Frequency (rad/sec)

180

» 100

-180
10'

Frequency (rad/sec)

Fig. 6 Dynamic compensator transfer function for problem 1.

ance level. For y = 1, the full state suboptimal Hy_ feedback
gain is given by

= [1.509 -0.496 1.740 0.935] (43)

A third-order compensator is selected to recover the loop
properties of the Hx full state controller. The constant gain
output feedback problem is solved using a convergent se-
quential numerical algorithm10 and_the resulting compensator
with p = 1.0£-6 in Eqs. (36) and B = B{ in Eq. (37) is given
in the following:

0 0 -5.073
1 0 -6.093
0 1 -3.240

u = -[0 0 \}zoh

0.509
2.799

-2.820

(44)

The approximate recovery of T--. is shown in Fig. 3 by
comparing the maximum singular values of T-- with full state
feedback to those obtained for two compensator designs. Note
that as p is reduced, HT^H-^ is reduced while sacrificing re-
covery at the low-frequency end. When p = l.OE-6, ||7V-||-A
~ -10 dB, which is a significant reduction from ||r~||.,. ~
-1 dB forp = 1.0.

Figure 4 shows the sensitivity root locus of the closed-loop
system as k is varied. This design remains stable for the range
0.50 < k < 4.08. Figure 5 shows the system response to a
unit impulse at w2. Note that the 90% settling time is ap-
proximately 15 s and that the peak x2 displacement is near
1.8. The control effort appears to be reasonable.

Figure 6 shows the frequency response plots for the dynamic
compensator transfer function. This controller is nonmini-
mum phase, and it stabilizes the system by providing phase
lag at the flexible mode natural frequency.
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Next, a full-order dynamic compensator is designed using
the approximate LTR procedure. For p = 1.0£-6, the com-
pensator is given by

.z,,h =

0 0 0
1 0 0
0 1 0
0 0 1

-56.80
-55.84
-30.92
-5.579

f 5.987 n
29.85

-33.17
6.573

ii = -[0 0 0 l]zoh (45)

The maximum singular values of 7^ for this design are com-
pared with T^ for the full state design in Fig. 7. A comparison
of Figs. 3 and 7 shows that the third-order compensator design
achieves nearly the same degree of recovery as the full-order
compensator. For the full-order compensator, further recov-
ery (i.e., smaller values of p) results in extremely large gains.
It can be shown that the standard LTR procedure13 also ex-
hibits this behavior. Complete recovery of the appropriate
loop shapes is possible only with excessively high-frequency
compensator modes.

The dynamic compensators in Eqs. (44) and (45) are very
similar to three previously published designs. In Ref. 2, a full-
order output feedback H^ controller was designed using the
IFL technique. In Ref. 11, the controller is a fixed-order
dynamic compensator in controller canonical form, which was
designed by an approximate LTR method to achieve sensi-
tivity reduction while maintaining performance at the plant
output. Lastly, in Ref. 12, the controller is a nonminimum
phase all-pass structural filter designed using classical tech-
niques. In Table 1, the performance of these three designs
are compared to the compensator in Eqs. (44). Note that all

o
-10

f .20

•g -30

I"0
S -50

-60

-70

hKob(s) =

—— Full State Design
....... Dynamic Compensator, p = 1.0E-6

-6.57(S + 0.168)(8-1.432)(s - 3.782)
"(s2 + 2.260S + 2.748)(s2 + 3.318s + 20.670)

10"
Frequency (rad/sec)

Fig. 7 Approximate recovery of T-- for problem 1 using a full-order
compensator.

of these design techniques result in a nonminimum phase
compensator, with the nonminimum phase zero near the sys-
tem natural frequency. In essence, robustness is achieved by
improving the phase margin.

Problem 3 Results
For this design, the disturbance at w2 is given by

w2 = sin(0.5f) (46)

To achieve asymptotic rejection of vv2, a disturbance rejection
filter is defined as

a + (0.5)2a - x2 (47)

and the plant dynamics are augmented with the filter dynamics
by defining

A =

r °0
-k-k
0
0

-o
0
1
0
0

_ 0

0 1
0 0
k 0
k 0
0 0
1 0

On
0
0
1
0
0_

'

0
1
0
0
0
0

0
0
0
0
0

-0.25 0_

(48)

where x = {x{, x2, x^ x2, a, d}T. The outputs of the aug-
mented system are defined to be y = {x2, a, a}T. Since x2
drives the undamped filter in Eq. (47), asymptotic rejection
of the disturbance w2 must occur in x2 if the closed-loop system
is asymptotically stable.

To account for the uncertain spring stiffness, which is of
the form k = k + A/c, the perturbation matrix is given by

A / 1 0 0
0 0 0 (49a)

Table 1 Comparison of controllers for problem 1

Controller order
Gain margin, dB
Phase margin, deg
90% settling time, s
Stability range for stiffness

variations

Observer form
canonical

compensator
3

2.9
22
15

0.5 < k < 4.08

Full-order
observer form

canonical
compensator

4
3.1
28
15

0.51 < k < 3.56

Full-order
//* output
feedback
controller

4
3.3
24
15

0.44 < k < 3.27

Controller
form

canonical
compensator

3
4.4
30
22

0.55 < k < 5.0

Structural
filter

2
2.8
25
15

0.70 < k < 2.3

Observer canonical form compensator

Full-order observer canonical form compensator

Full-order //-,. output feedback2

Controller canonical form compensator"

Structural filter12

Koh(s) =

-6.57(5

2.820(5 + Q.157)(5 - 1.150)
(5 + 1.451)(52 + 1.7905 + 3.497)

4- 0.168)(5 - 1.432)(5 - 3.782)
(52 + 2.26005 + 2.748)(52 -f- 3.3185 + 20.670)

= 2.130(5 + 0.145)(5 - 0.984)(5 + 3.434)
~ (52 + 2.6175 + 2.515)(52 + 2.05675 + 5.856)

0.1076(5 + 0.20)(5 - 1.3)
(5 + 73.7)(52 + 1.185 -f 1.392)

1.67(5 + 0.20)(52 - 1.45 + 1.96)
(5 + 2.0)(52 + 1.45 + 1.96)
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Full State Design
Dynamic Compensator, p = 1.0E-4

10°
Frequency (rad/sec)

Fig. 8 Approximate recovery of T-- for problem 3.
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Fig. 9 Root locus vs spring stiffness for problem 3.

where

• o
0

-A*
Afc
0
0

0
0

A*
-A*

0
0

0
0
0
0
0
0

0
0
0
0
0
0

0
0
0
0
0
0

0"
0
0
0
0
0.

(49b)

which can be decomposed as

Mx - [ 0 0 1 - 1 0 O f , Nx - [ 1 - 1 0 0 0 0 ]

Nw = (50)

The performance variables are z = {x2 + 0.5a + 2.06;,
u}T, and the disturbances wf, w,, and w2 are scaled by 0.123,
0.05, 0.05, respectively. For y = 10, the full state controller

/C - [4.250 1.597 2.916 4.931 -0.710 1.732] (51)

A third-order compensator is selected to recover the loop
properties of T—. The recovery is_showji in Fig. 8 for the p
= l.OE-4 design. For this design, B = B{ in Eq. (37). Note
that it is difficult to recover the low-frequency end of 7—,
where \\T-^\l « 9 dB.

Figure 9 shows the sensitivity root locus of the closed-loop
system to variations in spring stiffness. In the downward di-
rection, the system remains stable until k = 0.80. When com-
pared to the problem 1 design, this compensator has increased
sensitivity to downward variations in spring stiffness, which
is due primarily to the disturbance rejection filter mode. As
k is reduced, this mode quickly becomes unstable. In the
upward direction, the system remains stable for k > 10.0,
which exceeds the upper limit for problem 1.

In Fig. 10, the time responses are shown, where the dis-
turbance w2 is given by Eq. (46). Note that the performance
variable x2 has a 90% settling time of less than 15 s and a

peak displacement of 3.6. In steady state, xl oscillates at an
amplitude of approximately 1.0. This motion cancels the effect
of the disturbance. Again, the control effort is reasonable.

The dynamic compensator for the p = l.OE-4 design is
given by

0 0 -0.964
1 0 -1.315
0 1 -1.514

0.055 -0.012 0.028
0.395 -0.084 0.040
1.045 -0.139 -0.108

u= -[0 0 l]zoh

or in transfer function form

-1.045(s2 + 0.376s + 0.529)

(52)

(s + 0.0804)(s2 + 1.434s + 1.199)
0.139(5 + Q.382)(s + 0.221)

(s + 0.0804)(s2 + 1.434s + 1.199)
0.108(1 + Q.353)(s - 0.727)

(s + 0.0804)(s2 + 1.434s + 1.199)

(53)

0 10 20 30 40 50
Time (sec)

0 10 20 30 40 50
Time (sec)

Fig. 10 System response for sinusoidal disturbance at w2.

1
1 0.9

= 0.6
!o
eo
« 0.5
o>
o 0.4

0.3

0.2

Compensator Design given by Eq. (52) -

0.5 0.6 0.7 0.8
Design spring stiffness, k

0.9 1
"design

Fig. 11 Lower spring stiffness stability boundary vs design spring
stiffness.

50

30

--—Settling Time Specification

Compensator Design given by Eq. (52)

0.6 0.7 0.8 0.9
Design spring stiffness, k

Fig. 12 90% settling time vs design spring stiffness.
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Note that the (1, 3) element of Koh(s) has a nonminimum
phase zero. For the compensators given by Eqs. (44), (45),
and (64), it appears that the nonminimum phase zero is critical
to stabilizing the coupled mass system.

In an effort to decrease the sensitivity to downward vari-
ations in spring stiffness, several additional compensator de-
signs were performed. Note that y and all weighting matrices
used in the design of the compensator in Eqs. (52) are held
constant in these subsequent designs. For design purposes,
the nominal spring stiffness is set increasingly closer to the
desired stability limit of k = 0.5. However, the performance
and stability_evaluations are conducted with a nominal spring
stiffness of k = 1.0. In Fig. 11, the lower stability limit /c,ow
is shown as a function of the nominal design spring stiffness
^design- As Fig. 11 demonstrates, the lower stability boundary
improves as the design spring stiffness is reduced. In fact, the
lower stability specification is satisfied when /cdesign — 0.6. Note
that for all of these compensator designs, the closed-loop
systems remains stable for k > 10.0.

The improvement in robust stability is not achieved without
a price. For the designs represented by Fig. 11, nominal per-
formance is sacrificed as robust stability is improved. Figure
12 shows the 90% settling time as a function of the design
spring stiffness. As A:design is reduced, the settling time is sig-
nificantly increased. In addition, a low-amplitude "ringing"
was observed to develop in the time response of the x2 mass
as fcdesign is reduced. Thus, for this problem, robust stability
and nominal performance must be reasonably balanced. It is
felt that the compensator in Eqs. (52) produces an acceptable
solution to this problem.

Conclusions
This paper has presented three fixed-order dynamic com-

pensators for the coupled mass benchmark problem that have
reduced sensitivity to parameter variations. The compensators
are designed to approximately recover the transfer function
properties from disturbances to controlled outputs of a full
state H^ controller. Robustness to a parameter uncertainty is
achieved in the full state design by using an internal feedback
loop modeling technique.

For each design, the fixed-order dynamic compensator is a
nonminimum phase controller and is similar to previous con-
trollers designed using both classical and modern techniques.
The fixed-order dynamic compensator stabilizes the system
by providing additional phase lead at the system natural fre-

quency. In each design, the compensators provide varying
degree of robust stability and performance.
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